Abstract. It has been recently argued that near-integrable nonautonomous one-degree-of-freedom Hamiltonian systems are constrained by KAM theory even when the time-dependent (nonintegrable) part of the Hamiltonian is given in the form of a superposition of time-periodic functions with incommensurate frequencies. Furthermore, such systems are constrained by one fewer integral of motion than is required to render the system completely integrable. As a consequence, the phase space in systems of this type is expected to be partitioned into nonintersecting regular and chaotic regions. In this note we provide numerical evidence of the existence of such a characteristic mixed phase space structure. This is done by considering the problem of acoustic ray dynamics in deep ocean environments, which is naturally described as a nonautonomous one-degree-of-freedom Hamiltonian system with a multiply periodic Hamiltonian in the independent (time-like) variable. Also, we discuss the implications of a mixed phase space for the dynamics of that geophysical system and another one which describes Lagrangian motion in the ocean. The latter is also naturally described as a nonautonomous one-degree-of-freedom Hamiltonian system with a multiply time-periodic Hamiltonian.
Introduction
Consider a nonautonomous one-degree-of-freedom Hamiltonian system, (1.1)q = ∂ p H,ṗ = −∂ q H, H = H 0 (q, p) + H 1 (q, p, t), where the overdot denotes differentiation with respect to time, t; (q(t), p(t)) is the coordinate-momentum pair; and H is the Hamiltonian. Assume that H 0 has a compact level set diffeomorphic to the unit circle or one-torus.
When H 1 ≡ 0, the Hamiltonian H 0 is an integral of motion which restricts the latter to lie on isoenergetic one-tori. (The term "isoenergetic" is commonly used because in mechanical systems the Hamiltonian is usually the energy of a system.) The motion is thus periodic and can be integrated by quadratures. More precisely, the frequency of the motion on a given one-torus, identified by its action 2000 Mathematics Subject Classification. 37J10, 37J40, 37J45, 37N10, 76B47. Key words and phrases. Multiply time-periodic Hamiltonians, KAM theory, mixed phase space.
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Consider now the case of a nonzero but time-periodic H 1 with frequency σ, namely H 1 (q, p, t + 2π/σ) = H 1 (p, q, t). Following Brown [5] closely we define the new pair of variables (1.4) Q := σt mod 2π, P := −H/σ.
The trajectories of the system can be envisioned to lie within a tube, with crosssectional coordinates (q, p), which densely covers a one-torus in the four-dimensional phase space (manifold) with symplectic structure given by the two-form dq ∧ dp + dQ ∧ dP. The restriction of the motion to develop on a three-dimensional manifold is due to the presence of one integral of motion,
≡ 0,which is the Hamiltonian for the dynamics in the extended phase space (q, Q, p, P ). Clearly, the presence of such an integral of motion is not enough to render the autonomous dynamics in (q, Q, p, P ) space integrable. In fact, for the system to be (Liouville-Arnold) integrable another integral of motion, I(q, Q, p, P ) say, would be needed. More precisely, if H and I were independent (a∇H+ b∇I = 0 ⇒ a = 0 = b where ∇ is the naive gradient) and involuting ([H, I] = 0 where [·, ·] is the canonical Poisson bracket) integrals of motion, then the motion would be confined to compact connected two-dimensional manifolds, diffeomorphic to the two-torus defined as the Cartesian product of two cycles with frequencies ω and σ. More precisely, the motion would be periodic when ω/σ ∈ Q (trajectories retrace while wind around the two-torus) whereas quasiperiodic when ω/σ / ∈ Q (trajectories densely cover the two-torus). The required integral of motion can only be found exceptionally. However, it is well known [cf. Refs. 1; 14] that this system is constrained by the celebrated Kolmogorov-Arnold-Moser (KAM) theorem, which, under certain nondegeneracy condition of H 0 , 2 guarantees that phase space is almost entirely foliated by invariant two-tori provided that |H 1 | is sufficiently small. Winding around the surviving nonresonant two-tori, i.e. those with ω/σ / ∈ Q, are smaller two-tori which result from the break up of the resonant two-tori, i.e. those with ω/σ ∈ Q. As H 1 increases in magnitude the nonresonant two-tori tend to destroy also and the chaotic motion to occupy a larger fraction of phase space. The result is a mixed phase space in which isoenergetic three-dimensional manifolds of chaotic motion are separated by a multitude of invariant two-tori of regular motion.
In Brown [5] it was shown that KAM theory (KAM theorem and related theoretical results) applies to the much larger class of problems for which H 1 depends on n periodic functions of time with frequencies σ i , i = 1, · · · , n. If σ i /σ j =i / ∈ Q then the trajectories can be thought of as lying within a tube, with cross-sectional coordinates (q, p), which densely fills a n-torus in the 2(n + 1)-dimensional phase space with symplectic structure given by the two-form dq ∧ dp + n i=1 dQ i ∧ dP i , where
1 For instance, the Hamiltonian system with H 0 := 1 2
(p 2 + Ω 2 q 2 ) and H 1 := sin(arctan Ωq/p − σt) has two (independnet, involuting) integrals of motion: H + σP (≡ 0) and H 0 + ΩP. 2 The nondegeneracy condition to be satisfied is ω ′ (I) = 0. For instance,
(p 2 + Ω 2 q 2 ) is everywhere degenerate because ω ≡ Ω is independent of I. Noteworthy, unbounded chaotic motion (so-called non-KAM chaos) has been shown [7] to arise when the above H 0 is perturbed with H 1 := −εk −1 cos(kq − σt). Clearly, such a behavior is not generic.
The presence of the n (independent, involuting) integrals of motion,
≡ 0, which is the Hamiltonian for the (n+ 1) canonically conjugate pairs (q, p), (Q 1 , P 1 ), · · · , (Q n , P n ), and
is not enough to render the dynamics integrable (another independent, involuting integral of motion would be needed). However, the presence of these integrals of motion imposes a very strong restriction on the dynamics, causing the motion to develop on a three-dimensional manifold just as in the case of a time-periodic H 1 .
Arnold diffusion, which arises in systems with three or more degrees of freedom, cannot arise in this system due to the strong constraint imposed by the above integrals of motion. KAM theory then applies in the same way as for time-periodic H 1 , and a mixed phase space wherein nonintersecting regular and chaotic trajectories coexist is expected. The purpose of this work is to provide numerical evidence of the generic occurrence of a mixed phase space for the case in which the Hamiltonian is multiply time-periodic. For this purpose we consider in §2 a geophysical system in which such a nontrivial time dependence of the Hamiltonian arises naturally. This system describes sound propagation in deep ocean environments. We also briefly comment in §3 on related results previously obtained by the authors [4] in the study of Lagrangian motion in the ocean. The implications of the presence of a mixed phase space for the dynamics of these two geophysical systems are finally discussed in §4.
Phase Space Structure
The geophysical system considered here describes sound ray trajectories in a perturbed model of the ocean sound channel. The sound speed, c(z, r) where z is vertical coordinate and r stands for range (horizontal distance from a source), is written as the sum of a range-independent component, c 0 (z), and a weak but highly structured range-dependent component, c 1 (z, r). The range-independent component is taken of the form [9] (2.1) 
where a(k) is the spectrum of vertical wavenumbers, b i (·) are certain functions, and φ i are random phases. Ray trajectories obey [6] 
which is a nonautonomous one-degree-of-freedom Hamiltonian system where z(r) plays the role of the generalized coordinate, conjugate to the vertical slowness p(r), and r is the time-like variable. Note that H = H 0 (z, p) + H 1 (z, p, r) where
which is everywhere nondegenerate except at (z, p) = (z a , 0) (which corresponds to I = 0) [2] , and
, which is multiply periodic in range (a.k.a. time).
The standard technique to visualize a mixed phase space structure in a nonautonomous one-degree-of-freedom Hamiltonian system with a time-periodic Hamiltonian consists of stroboscopically sampling trajectories at integer multiples of the period. Then chaotic and regular trajectories are identified as sequences of points in the resulting Poincaré surface of section which, respectively, fill areas and lie on smooth curves. This leads to the pictorial notion of a mixed phase space wherein "islands" of eternal stability emerge from an otherwise chaotic "sea" in (q, p) space. When a Hamiltonian is multiply time-periodic, Poincaré surface of sections could, in principle, be constructed using a multiple-slicing technique [11] ; in practice, such a procedure is feasible only when the number of periodic components of the Hamiltonian is small [5] .
Qualitatively similar information can be extracted from the inspection of the Lyapunov exponent, λ, in phase space. For nonautonomous one-degree-of-freedom Hamiltonian systems the whole spectrum of Lyapunov exponents consists of two Lyapunov exponents whose sum is zero. For simplicity we refer to the largest of these as the Lyapunov exponent. Chaotic trajectories are characterized by a positive Lyapunov exponent. Regular trajectories, in turn, formally have a vanishing Lyapunov exponent. The distribution of Lyapunov exponents in phase space carries information on the mixed phase space structure, and thus can be used as a tool to identify such a structure.
To illustrate the above statement, consider first the case of a time-periodic Hamiltonian. The left panel of figure 1 shows a Poincaré surface of section for (2. of the Lyapunov exponent is shown. Note the presence of alternating bands of relatively smaller and larger finite-range estimates of the Lyapunov exponent. This finestructure is characteristic of the phase space of nonautonomous one-degree-offreedom Hamiltonian system with a time-periodic Hamiltonian.
Another Geophysical Example
Lagrangian ocean dynamics constitute another example of a geophysical system which can be described by a set of nonautonomous one-degree-of-freedom Hamilton's equations with a Hamiltonian that has a nontrivial time dependence. Because large-scale geophysical flows are subject to a rapid rotation rate, these flows tend to develop on a horizontal plane [cf. e.g. Ref. 13]. Consequently, particle trajectories (x(t), y(t)) on this plane obey, further assuming that the fluid is incompressible,
where ψ is the streamfunction. Upon identifying (x, y, ψ) ↔ (q, p, H) this system constitutes a nonautonomous one-degree-of-freedom Hamiltonian system. Most oceanic flows can be realistically modeled as having multiply periodic time dependence, but cannot be realistically modeled as having periodic time dependence. Beron-Vera et al. [4] considered particle motion in geophysical flows consisting of a steady background gyre circulation perturbed by a superposition of a large number of unsteady low-frequency modes. That work provided numerical evidence of the occurrence of patchiness in passive tracer distributions, namely distributions that are mostly vigorously stirred but include poorly stirred regions. Patchiness in passive tracer distributions is closely related to the occurrence of a mixed phase space discussed here. Unlike the analysis presented above, however, Beron-Vera et al. [4] studied tracer patchiness through the analysis of the evolution of a material segment of fluid (cf. figures 5 and 6 in that work).
Final Remarks
The coexistence of nonintersecting regular and chaotic regions in phase space has very important consequences for the dynamics associated with the two classes of geophysical systems discussed above.
In the underwater acoustic ray dynamics example, the regular islands play a very important stabilizing role [3] . For a continuum of rays emanating from a point source, the acoustic wavefield can be constructed by coherently adding the contributions from the rays that make up the continuum. The presence of a small number of regular ray trajectories constrains the motion of the ray continuum and, consequently, imposes restrictions in the whole wavefield. This implies that the statistics of some wavefield properties are robust and stable, allowing one to make reliable predictions of some wavefield properties even in the presence of chaotic rays.
In the Lagrangian ocean dynamics example, the presence of regular islands in phase space (tracer patchiness in physical space) plays a key role in altering the dispersive properties of fluid particles [e.g. Ref. 12] . Transport can be characterized by the mean square displacement, e.g. δx 2 , of a distribution of fluid particles.
At large t, δx 2 ∼ t γ . For normal (i.e. Brownian, random-walk) diffusive processes γ = 1, whereas for anomalous diffusive processes γ = 1. Subdiffusion and superdiffusion correspond to 0 < γ < 1 and 1 < γ < 2, respectively. Both phenomena are closely linked to structures in phase space. Generally, subdiffusion is associated with the "stickiness" of islands, while in superdiffusion trajectories experience long excursions, termed Lévy flights. Both phenomena lead to anomalous diffusion and the notion of "strange kinetics." In the presence of anomalous diffusion the evolution of the probability density of particle position is not described by the standard Fokker-Planck-Kolmogorov equation; rather, it is described by a fractional integro-differential equation referred to as a Fractional-Fokker-PlanckKolmogorov equation [cf. e.g. Ref. 15] .
Traditional approaches to the study of the above two types of geophysical systems rely heavily on strictly stochastic methods. In many applications such an approach is unrealistic and unnecessarily restrictive because it overlooks the important role played by the regular motion regions in phase space.
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